In many studies multivariate event time data are generated from clusters having a possibly complex association pattern. Flexible models are needed to capture this dependence. Vine copulas serve this purpose. Inference methods for vine copulas are available for complete data. Event time data, however, are often subject to right-censoring. As a consequence, the existing inferential tools, e.g. likelihood estimation, need to be adapted. A two-stage estimation approach is proposed. First, the marginal distributions are modeled. Second, the dependence structure modeled by a vine copula is estimated via likelihood maximization. Due to the right-censoring single and double integrals show up in the copula likelihood expression such that numerical integration is needed for its evaluation. For the dependence modeling a sequential estimation approach that facilitates the computational challenges of the likelihood optimization is provided. A three-dimensional simulation study provides evidence for the good finite sample performance of the proposed method. Using four-dimensional mastitis data, it is shown how an appropriate vine copula model can be selected for data at hand.
Introduction
In many studies, primary interest lies in the time until a prespecified event occurs. Often, the data appear in clusters. For example, in Laevens et al. (1997) time to mastitis infection in udder quarters of primiparous cows is observed. The cow is the cluster and the infection times of the four udder quarters are the clustered data. For an accurate analysis of clustered data flexible models are needed to describe the underlying dependence pattern. Copulas provide the right tools for this goal. A d-dimensional copula C is a distribution function on [0, 1] d with uniformly distributed margins. According to Sklar (1959) , a copula is a dependence function that interconnects the marginal survival functions S j , j = 1, . . . , d, and thereby models the joint survival function S, i.e. with t j ≥ 0 S (t 1 , . . . , t d ) = C{S 1 (t 1 ) , . . . , S d (t d )}.
For clusters of size two, a large catalog of bivariate copula families exists. For clusters of size more than two, popular multivariate copulas such as exchangeable (EAC) and nested Archimedean copulas (NAC) (Embrechts et al. 2003; Hofert 2008; Joe 1993; Nelsen 2006 ) only induce restrictive association patterns. For instance, in EAC models all marginal copulas show exactly the same type (and even strength) of tail-dependence. In NAC models, the nesting condition limits all building blocks to stem from the same copula family leading again to the same type (but not strength) of tail-dependence. More flexible models are thus needed to capture complex association patterns present in clustered data. This is a difficult but at the same time a challenging exercise. Flexible alternatives for EAC and NAC include Joe-Hu copulas (Joe and Hu 1996) and vine copulas (Aas et al. 2009; Bedford and Cooke 2002; Czado 2010; Kurowicka and Joe 2010; Kurowicka and Cooke 2006) . A Joe-Hu copula corresponds to a mixture of positive powers of max-infinitely divisible bivariate copulas. The induced association pattern is completely determined by the mixture and by the choice of bivariate copulas. The idea of a vine copula is to decompose the joint density of the clustered event times into a cascade of bivariate copula densities via conditioning. So, in both approaches bivariate copulas or bivariate copula densities are the building blocks. Given the variety of well-studied bivariate copulas, it is clear that Joe-Hu copulas and vine copulas allow a flexible modeling of the within-cluster association in clustered event time data.
For the above mentioned copula models the focus is usually on complete, i.e. non-censored, data. However, event time data are often subject to right-censoring. This means that for some observations the true event time is not observed but instead a lower (censored) time is registered. For example, in the mastitis study cows may be lost to follow-up (e.g. due to death) or may experience the event after the end of the study (censored at study end). The presence of right-censoring in clustered event time data complicates the statistical analysis substantially, but its incorporation is indispensable to arrive at a sound statistical analysis. Since this is not straightforward, the application of copulas to right-censored clustered data has been less explored. Recently, Geerdens et al. (2016) studied, for right-censored data, the model flexibility of Joe-Hu copulas as compared to less elaborate EAC and NAC models. Vine copulas have not yet been studied for right-censored clustered event times. Therefore, our main objective is to develop a likelihood based estimation approach using the flexible class of vine copulas. Using the theorem of Sklar (1959) and following the ideas in Shih and Louis (1995) , we proceed in two steps. In step one, the survival margins are modeled. Here, any estimation technique for univariate right-censored event time data can be used, e.g. maximum likelihood estimation or the nonparametric Kaplan-Meier estimator. Focus, however, lies in detecting the inherent dependence pattern using vine copula based likelihood estimation in the second step. Due to right-censoring, numerical integration is needed, making the global likelihood optimization computationally challenging. We introduce a sequential estimation approach to find a fair trade-off between the numerical demand caused by data complexity and the accuracy of the estimates.
In Section 2, we describe the construction of vine copulas; we consider trivariate and quadruple data. The mastitis data are described in detail in Section 3. Following the ideas in Shih and Louis (1995) , Section 4 contains the likelihood function for right-censored quadruple event time data. In particular, we provide the likelihood expression in terms of vine copula components and therewith extend existing vine copula concepts to the setting of right-censored clustered time-to-event data. In this section, we also discuss how to deal with numerical aspects of the presented optimization method. A simulation study is performed in Section 5 to demonstrate the good finite sample performance of our approach. In Section 6, we revisit the mastitis data. Conclusions and remarks are collected in Section 7.
Vine Copulas
First, we recall the definition of vine copulas (Aas et al. 2009; Bedford and Cooke 2002; Czado 2010; Kurowicka and Cooke 2006; Kurowicka and Joe 2010) and explain how vine copulas are constructed following the approach taken in Czado (2010) .
The basic idea is to decompose a d-dimensional copula density c into a product of 1. T 1 is a tree with nodes N 1 = {1, . . . , d} and edges E 1 .
2. For j = 2, . . . , d − 1, T j is a tree with nodes N j = E j−1 and edges E j .
3. (Proximity condition) For j = 2, . . . , d − 1, whenever two nodes of T j are connected by an edge, the associated edges of T j−1 share a node.
Two four-dimensional examples of possible tree sequences, also called vine structures, are visualized in Figure 1 . We see that except for the labeling of the nodes the two examples illustrate the only possible ways to arrange the four nodes in T 1 . In the vine structure on the right, there exists a unique node in T j , j = 1, 2, 3, that is connected to d − j edges. This vine structure suggests an ordering by importance and is referred to as a C-vine. The vine structure on the left is called a D-vine. Here, no node is connected to more than two edges implying a serial ordering. In particular, in dimension three C-vines and D-vines are equivalent. In this paper, we concentrate on D-vines. The derived concepts, however, can easily be applied to C-vines (Barthel 2015) . In the tree sequences, each node can be identified with a uniformly distributed random variable and each edge corresponds to a pair-copula that captures the associated dependence. To give insight into the dependencies that are captured by the examples in Figure 1 and into the labeling of the edges, we construct the vine copula density c corresponding to the D-vine in Figure 1 . Recall that c is a density function defined on [0, 1] 4 and that the univariate marginals are uniform on [0, 1] . Therefore,
We now rewrite the conditional densities in (1) such that at the end we have a pair-copula decomposition of c. The used conditioning strategy reflects the underlying D-vine structure. In the following derivation, c ij;k (for different i, j, k ∈ {1, 2, 3, 4}) is the bivariate copula density associated with the bivariate conditional distribution of (U i , U j ) given U k = u k ; and c ij;kl (for different i, j, k, l ∈ {1, 2, 3, 4}) is the bivariate copula density associated with the bivariate conditional distribution of (U i , U j ) given U k = u k and U l = u l . Further, we rely on the so-called simplifying assumption, which is commonly used for vine copulas. It states that the bivariate copulas c ij,k and c ij;kl associated with bivariate conditional distributions do not depend on the specific values of the conditioning variables, i.e. c ij;k (·, ·; u k ) ≡ c ij;k (·, ·) and c ij;kl (·, ·; u k , u l ) ≡ c ij;kl (·, ·). See e.g. Hobaek Haff et al. (2010) , Stöber et al. (2013) and Spanhel and Kurz (2015) for discussions on the simplifying assumption.
To rewrite c 4|123 (u 4 |u 1 , u 2 , u 3 ) in terms of pair-copulas, first note that
where the second equality follows from an application of Sklar's theorem (Sklar 1959) to the bivariate conditional density c 14|23 ; c 14;23 is the corresponding copula density; C 1|23 and C 4|23
are the conditional marginals. In a similar way we obtain
and
From (1) - (5) it easily follows that
Note that only bivariate copula densities are included. Since the latter can be chosen independently from a large catalog of bivariate copula families, vine copulas proof themselves as a flexible tool to model complex association patterns. Also, it is important to note that the simplifying assumption affects the vine copula density only at the level of the bivariate pair-copulas in T 2 and T 3 . The arguments of the pair-copulas in T 2 and T 3 , nevertheless, do depend on the conditioning variables. They are conditional distribution functions of the form C i|k , C k|i , C i|jk and C j|ik . Recall that these expressions are conditional marginals of bivariate conditional distributions that result from the conditioning strategy used. Thus, they are completely determined by the underlying R-vine structure. They can be computed by recursive partial differentiation of the pair-copulas of higher tree levels, i.e. it holds that
Usually, these expressions are further identified with so-called h-functions that allow for a recursive notation of the associated conditional distributions (Joe 1997) . Recalling the simplifying assumption, we define
For instance, for the considered D-vine structure we have
The vine copula density (6) can finally be written as In this section, we considered a four-dimensional example to explain how a d-dimensional copula density can be decomposed into a product of bivariate copula densities. We further introduced h-functions to provide an expression of the density exclusively in terms of vine copula components. The presented concepts can be directly extended to d dimensions. For complete data, likelihood based inference of regular (R) vine copulas is well elaborated (Diß-mann et al. 2013; Brechmann et al. 2012) . The algorithms to estimate the R-vine structure, the associated bivariate copula families and the copula parameters are implemented in the R-library VineCopula (Schepsmeier et al. 2017) . In this paper, we assume the vine structure and the bivariate copula families of a d-dimensional (d = 3 and d = 4) R-vine model to be specified except for the parameters of the bivariate copulas. We investigate likelihood based parameter estimation given d-dimensional event time data. Such data are typically subject to right-censoring, which complicates the analysis in a non-trivial way.
3 Multivariate right-censored event time data: the mastitis data
We consider vine copula based likelihood inference for d-dimensional event time data subject to right-censoring. We focus on d = 3 and d = 4. For a sample of n clusters, let T ij be the jth event time and C ij be the jth censoring time in cluster i (i = 1, . . . , n and j = 1, . . . , d).
We observe Y ij = min(T ij , C ij ) together with the censoring indicator δ ij = I(T ij ≤ C ij ). Throughout, we assume that T ij and C ij are independent (i = 1, . . . , n and j = 1, . . . , d) and that censoring is noninformative. The setting where C ij = C i for all j = 1, . . . , d is called common (univariate) right-censoring. Before we discuss, in Section 4, likelihood based estimation of the parameters of a vine copula model, we give some details on the data example mentioned in the introduction. The udder infection data of Laevens et al. (1997) already received considerable attention in a number of papers, e.g. Duchateau and Janssen (2008) , Massonnet et al. (2009) and Geerdens et al. (2016) . The study aims to quantify the impact of mastitis on the milk production and the milk quality. For this, information on the time from parturition to infection is collected for the four udder quarters of a cow. The cow is the cluster and the infection times of the four udder quarters are the clustered data.
For the 407 primiparous cows in the study, the available data consist of the cow identification number, the minimum of the infection time and the censoring time (both in days) for each udder quarter as well as the corresponding censoring indicators, e.g. for the first cow the data information is given by {1, (67, 67, 119, 67) , (1, 1, 1, 1)}, resp. for the last cow {407, (279, 279, 279, 263) , (0, 0, 0, 1)}, where the ordering in a data quadruple corresponds to left front, right front, left rear and right rear. Censoring occurs at the level of the udder quarters and it is common (univariate) in the sense that the same censoring time applies to all udder quarters of an individual cow. Table 1 summarizes information on the censoring patterns of the mastitis data. In total, censoring is present in about 66.15% of the observations. The information loss for all four udder quarters due to the high censoring rate is illustrated in Appendix C.1.
Flexible association modeling of the mastitis data via Joe-Hu copulas has been studied by Geerdens et al. (2016) . In Section 6, we use vine copulas to study the dependence pattern in the mastitis data; our findings confirm the need for flexible modeling.
4 Vine based likelihood inference for four-dimensional event time data
An appropriate likelihood expression is needed to perform parametric likelihood inference for d-dimensional right-censored time-to-event data. We focus on quadruple data (d = 4). We refer to Barthel (2015, Chapter 3) for a more detailed discussion. Based on the observed data Y i = (Y i1 , . . . , Y i4 ) and δ i = (δ i1 , . . . , δ i4 ) with Y ij and δ ij as given in Section 3 (i = 1, . . . , n and j = 1, . . . , 4), we define for each cluster the following joint censoring indicators: no censoring:
all components censored:
pth component not censored:
pth, qth component not censored for p = q:
pth, qth, vth component not censored for w = p, q, v and p = q = v:
The actual censoring in a particular cluster determines the joint censoring indicators for that cluster, e.g. for δ i = (1, 0, 0, 1) we have ∆ i (1, 4) = 1 and all other joint censoring indicators equal zero. Using the notation u ij = S j (y ij ) (i = 1, . . . , n and j = 1, . . . , 4) for the copula data linked to the observed data, we have for ∆ i (1, 4) = 1 that u i1 and u i4 correspond to true event times. On the other hand, u i2 and u i3 correspond to censoring times, meaning that the copula data linked to the unknown true event times would take values smaller than u i2 and u i3 . Therefore, the contribution to the loglikelihood is given by
, where u i = (u i1 , u i2 , u i3 , u i4 ) and with θ the vector collecting all parameters of the copula C. In general, the contribution of the i-th cluster to the loglikelihood is given by
The loglikelihood for four-dimensional time-to-event data subject to right-censoring is therefore given by
Massonnet et al. (2009) and Geerdens et al. (2016) use this likelihood expression to model dependencies within the mastitis data. Shih and Louis (1995) and Andersen (2005) consider similar versions for bivariate event time data.
Once we have decided on the vine structure to be used, we need the vine version of the partial derivatives in (8). For instance, for the D-vine given in Figure 1 we have
The complete collection of vine equivalents of the partial derivatives is derived in Barthel (2015, Chapter 3) and is given in Appendix A (Theorem 1 and Corollary 1).
Practical implementation
We end this section by two remarks concerning the practical implementation of the presented optimization problem.
First, note that in practice, the marginal survival functions, which are assumed to be known in the above discussion, are typically unknown. We therefore use the two-stage estimation procedure described in Shih and Louis (1995) . A parametric approach can be applied. In stage one, we assume S j (·) to be known up to some parameter vector α j , i.e. S j (·) = S j (·, α j ) (j = 1, . . . , 4). We obtain the maximum likelihood estimate (MLE)α j of α j and calculateû ij = S j (y ij ,α j ) (i = 1, . . . , n and j = 1, . . . , 4). In stage two, we replace u ij by the pseudo-observationû ij (i = 1, . . . , n and j = 1, . . . , 4) and maximize the loglikelihood with respect to θ. Alternatively, a semiparametric approach can be applied. In stage one, we estimate the marginals nonparametrically. We obtain the Kaplan-Meier estimate (KME) S j (·) of S j (·) (j = 1, . . . , 4) and calculate the pseudo-observationsû ij =Ŝ j (y ij ). In stage two, we use the latter as substitutes for u ij and maximize the loglikelihood with respect to θ.
Second, due to right-censoring the use of single and double integrals and hence numerical integration cannot be avoided when evaluating the loglikelihood. Thus, appropriate starting values are indispensable for a reasonable trade-off between numerical demand and accuracy of the estimates. Due to the rapidly increasing number of parameters for vine copulas in higher dimensions this issue also arises for complete data. Herein, the so-called sequential estimation approach of Dißmann et al. (2013) is usually applied. It splits up a d-dimensional estimation problem into d(d − 1)/2 bivariate ones. First, the parameters of the d − 1 bivariate copulas in T 1 are estimated. Next, the parameter estimates are used to obtain estimates of the h-functions. These estimates are needed as arguments in the pair-copulas in T 2 when estimating the d − 2 copula parameters in T 2 , etc. Hobaek Haff (2013) provide asymptotic properties for this approach. Since it makes the estimation of high-dimensional vine copula models tractable and computationally easy while showing excellent estimation performance, analysis for complete data often exclusively rely on the sequential estimation approach.
In the setting with right-censored quadruple data, we can mimic this idea and estimate the parameters of the three bivariate copulas in T 1 separately by using the bivariate version of the loglikelihood given in (8). However, by construction the arguments in T 2 and T 3 are not associated with observed (event or censored) times. As a consequence, estimation via the twodimensional version of (8) is no longer feasible. Instead, after having obtained the parameter estimates for T 1 , we substitute them in the loglikelihood (8), which we then maximize with respect to the remaining copula parameters in T 2 and T 3 . By doing so, we achieve dimension reduction by at least 3 for d = 4. We refer to this approach as T 1 -sequential estimation. Finally, we use the estimates of the T 1 -sequential approach as starting values to solve the computationally heavy optimization problem with respect to all 6 parameters (d = 4) of the vine copula model simultaneously (step 2 in the two-stage estimation procedure of Shih and Louis (1995) ). Bootstrap standard errors of the estimates for both the global estimation approach and the T 1 -sequential estimation approach are obtained by using for a fitted model the resampling scheme given in Appendix B.
For our calculations, we rely on standard optimization methods and the VineCopula package in R (Schepsmeier et al. 2017) , in which the evaluation of h-functions, of the cumulative distribution function and of the density function is implemented for many parametric bivariate copulas.
Simulation study
We investigate the finite sample performance of the loglikelihood approach presented in Section 4 through a simulation study. To cover a broad range of simulation settings while keeping the numerical effort for a large number of replications reasonable, we restrict ourselves to three dimensions. The goal is to assess the impact of right-censoring on vine copula based estima-tion of the within-cluster association. For this purpose, various degrees of right-censoring, different types of tail-dependence and different strengths of dependence are considered. A more elaborate study can be found in Barthel (2015, Chapter 4).
Considered scenarios
To generate multivariate right-censored time-to-event data with a dependence structure specified by a vine copula, we simulate in a first step complete copula data using the R-package VineCopula (Schepsmeier et al. 2017) . We assume the copula C to be a vine copula with density
Recall that in dimension three, all vine structures are equivalent up to the labeling of the nodes. Here, the copulas C 12 and C 23 are assumed to arise from the same copula family. We investigate both the scenario of lower tail-dependent copulas using the Clayton family and the scenario of upper tail-dependent copulas using the Gumbel family. For ease of comparison, we take Kendall's τ to be the same in both tail-dependence scenarios; we set τ 12 = 0.6 and τ 23 = 0.6 assuming strong dependencies. We assume C 13;2 to be a Frank copula, which has no tail dependence, with moderate dependence τ 13;2 = 0.3. Two extra simulation settings considering τ 12 = τ 23 = τ 13;2 = 0.1 (weak dependencies) and τ 12 = τ 23 = τ 13;2 = 0.3 (moderate dependencies) are included in Appendix C.2. The three copula families are common choices covering the three standard tail-dependence scenarios for bivariate data. Recall that in a vine copula model, these families can be arbitrarily combined allowing for complex dependence structures such as asymmetric tail-dependence behavior.
In a second step, the inverse probability integral transform is applied to the marginal copula data to obtain the true event times. Note that the proposed modeling strategy handles marginal and dependence modeling separately with no restrictions with regard to the marginal estimation. Thus, the settings for the marginal survival functions mainly serve the purpose to define the transformation from copula data to data on the actual time scale without distorting the dependence structure, which is our focus. Given that the Weibull is a commonly used parametric survival function, we assume this form for the margins of the event times as well as for the censoring mechanism, i.e. S (t) = exp − t λ α with shape parameter α and scale parameter λ (in accordance with the parametrization used in R). The parameter choices are given in Table 2 and are inspired by the marginal estimates of the trivariate tumorigenesis data in Mantel et al. (1977) . The latter motivated the extensive simulation study in Barthel (2015, Section 4.1.1), on which we build our investigations. To assess the effect of censoring, we investigate the performance of the estimation procedure for complete data as well as for a moderate overall censoring rate of 25% and for a heavy censoring rate of 65%. Note that the margins are affected to a different extent by the censoring mechanism as caused by distinct survival functions.
Finally, the observed data are obtained by taking the minima of the true event times and the associated censoring times. To this data we apply a two-stage approach for known margins as well as for parametrically (MLE) and nonparametrically (KME) estimated margins as described in Section 4. In case of complete event time data, we use the empirical distribution functions (ECDF) as nonparametric estimates for the marginals. All scenarios are investigated for samples of size 200 and 500. Each sample is replicated 200 times.
Results
We visualize the results of the simulations in Figure 2 and Figure 3 , where the true Kendall's τ values are indicated by a horizontal line. Figure 2 shows satisfactory performance of the Table 2 : Specification of the Weibull parameters of the survival function for each of the event times T 1 , T 2 , T 3 and of the two common censoring distributions leading to 25%, resp. 65% overall common right-censoring. Further, the individual censoring rates for each of the three margins are shown.
Event times
Censoring times T1 T2 T3 25% 65%
Weibull parameters α 3.39 4.20 3.53 6.72 6.72 λ 3.32 2.21 2.68 3.11 2.17
Marginal censoring 52% 12% 29% x 82% 49% 67% x estimators when common right-censoring is present, even in case of heavy censoring (65%).
The two-stage approaches with (non)parametrically estimated margins benefit the most from an increasing sample size. In particular, due to the comparable performance of the parametric and the semiparametric estimation approach, the latter qualifies as an appropriate tool when working with real data. It allows a flexible estimation of the marginals and excludes the risk to misspecify the underlying parametric models. Figure 3 shows the censoring effect.
Comparing the upper and lower parts illustrates the impact of the marginal censoring rates. Given Table 2 we indeed expect that τ 23 can be estimated in a more accurate way than τ 12 . Also, the method is more sensitive to a higher common right-censoring rate, especially when estimating the parameters of a lower tail-dependent copula, as can be seen by comparing the left-hand side and right-hand side of Figure 3 . This is due to the lack of information in the data for small copula values, i.e. high event times (see also Figure 4 ). Overall, we can conclude that the presented method is on target for all investigated parameters in the underlying R-vine models. A detailed summary of the simulation results can be found in Table 3 and Table 4 (Clayton for T 1 and Frank for T 2 ) and Table 5 and Table 6 (Gumbel for T 1 and Frank for T 2 ). Here, θ is the true parameter value,θ is the mean estimate,b(θ) is the estimated bias, s 2 (θ) is the estimated squared standard error and mse(θ) is the estimated mean squared error ofθ. The same performance measures are given for the corresponding Kendall's τ values. Table 11 to  Table 18 in Appendix C.2 show similar results for the two extra simulation settings considering weak and moderate dependencies for all three bivariate copulas. Table 3 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of 65% common right-censored event time data with sample sizes 200 and 500. The copula combination Clayton (C), Clayton (C), Frank (F) with true τ 12 = 0.6, τ 23 = 0.6 and τ 13;2 = 0.3 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (KME) are considered. Table 4 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of complete and 25% common right-censored event time data with sample size 500. The copula combination Clayton (C), Clayton (C), Frank (F) with true τ 12 = 0.6, τ 23 = 0.6 and τ 13;2 = 0.3 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (KME) are considered. Table 5 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of 65% common right-censored event time data with sample sizes 200 and 500. The copula combination Gumbel (G), Gumbel (G), Frank (F) with true τ 12 = 0.6, τ 23 = 0.6 and τ 13;2 = 0.3 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (KME) are considered. Table 6 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of complete and 25% common right-censored event time data with sample size 500. The copula combination Gumbel (G), Gumbel (G), Frank (F) with true τ 12 = 0.6, τ 23 = 0.6 and τ 13;2 = 0.3 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (ECDF/KME) are considered. 6 Real data application: The mastitis data
Copula parameter
Kendall's τ θθb θ s 2 θ mse θ ττb (τ ) s 2 (τ ) mse (τ ) n =
Kendall's τ θθb θ s 2 θ mse θ ττb (τ ) s 2 (τ ) mse (τ ) n = 500,
In this section, we investigate the dependence structure present in the mastitis data by fitting several vine copula models. According to Laevens (personal communication and Laevens et al. (1997) ), there is no biological rule that could provide guidance for the dependence modeling. The primary goal is therefore to illustrate how the introduced methodology can be applied to real data. In particular, we give insights about the effect of right-censoring in the context of copula estimation. Also, earlier investigations of the mastitis data using e.g. EAC models (Massonnet et al. 2009; Geerdens et al. 2016) assumed equal correlations between all pairs of udder quarters inducing rather restrictive association patterns. We will see that these less elaborate models do not sufficiently fit the data. Before starting the discussion on model selection, recall that we observe 407 clusters (cows) with 66.15% censoring (see Table 1 ). Further, it is important to note that the information loss due to right-censoring complicates accurate model selection and implies -as will be seen from the further discussion -the need for careful comparison of possible models. Pairs plots can be used to demonstrate the information loss in a graphical way. In Figure 4 , we give the pairs plot for the data points ( Given the good performance of the two-stage semiparametric estimation in the simulation study, we flexibly model the marginal survival functions using the Kaplan-Meier estimator and thus do not imply any parametric assumptions for the underyling data. We maximize the loglikelihood (8) over all copula parameters using the parameter estimates obtained from the T 1 -sequential approach as starting values. We consider vine copula models based on one parameter bivariate copulas such that all considered models have the same number of parameters (six). In this case, the AIC and BIC both select the model that gives the highest loglikelihood. We therefore use the loglikelihood for model selection. The use of the loglikelihood value as well as AIC and BIC for model selection in the context of semiparametric copula estimation for right-censored data has been studied in Chen et al. (2010) and in Geerdens et al. (2016) .
In the following, we assume a D-vine tree structure for the mastitis data. All possible 12 D-vines are represented in Table 7 by their first tree level, since the latter uniquely determines the whole D-vine structure. For all D-vines the same type of copula is assumed in T 1 , however allowing for different parameters. We consider the Clayton, Gumbel or Frank copula, respectively. With this choice we account for possible lower and upper tail-dependence as well as for no tail-dependence inherent in the underlying data. In particular, asymmetric tail-dependence behavior is modeled through combination of the copula families in the considered D-vine copula models. Further, Frank copulas are taken in the two lower tree levels. By doing so, 36 models are investigated in total. Table 7 shows the loglikelihood values for the considered models obtained via simultaneous estimation of all six parameters. The loglikelihood values obtained through the T 1 -sequential estimation approach are shown in brackets. In general, D-vine structures that capture the dependence along the two flanks perform best, whereas D-vines with two diagonals would generally not be selected. Further, the choice of Frank and Clayton copulas in T 1 is superior to the one of Gumbel copulas. Models with Frank copulas perform slightly better than those with Clayton copulas. Recall that for heavily censored copula data the lower left corner of a pairs plot is empty. However, there might be a considerable amount of observed event times in the upper right corner, where, therefore, most of the information is located (see Figure 4) . Since Clayton and Frank copulas behave similar in the upper right corner, i.e. for early event times, it is clear that the information loss in case of heavy right-censoring makes it difficult to distinguish between Clayton and Frank copulas.
To further explore this finding we consider for the D-vine with structure (c) (the best performing structure in Table 7 ) the 24 additional vine models (besides C-C-C, G-G-G and F-F-F in T 1 ) having structure (c), where we allow combinations of Clayton, Gumbel and Frank copulas in T 1 . The loglikelihood values are listed in Table 8 . The model with all dependencies captured by Frank copulas remains the best (see Table 7 ), but models which combine Clayton and Frank copulas in T 1 perform equally well. The estimated copula parameters of the four best models are given in Table 9 together with their corresponding estimated Kendall's τ values and tail-dependence coefficients. A strong lower tail-dependence and thus a strong association between late event times is detected for Clayton copulas in T 1 . Further, the strength of overall dependence detected for the three udder pairs in T 1 is higher for Clayton copulas as compared to Frank copulas. The fact that it is difficult to distinguish between Clayton and Frank is a typical consequence of the information loss caused by the heavy censoring in the data. To obtain standard errors 100 bootstrap replications are used, both for global likelihood estimation and for T 1 -sequential likelihood estimation. Using 100 bootstrap samples, the estimates for the standard error of the various parameters are already quite accurate. Details on the bootstrap algorithm for right-censored event time data modeled via a vine copula are given in Appendix B. Detailed bootstrapping results for the mastitis data are available in Appendix C.3.
The results are in line with the findings in Geerdens et al. (2016) , where a Joe-Hu copula that combines a Clayton Laplace transform with bivariate Frank copulas is in the top three of the best models. Both analyses, using a vine copula or a Joe-Hu copula, stress the need for flexible copula models for the mastitis data.
We conclude by an important remark on the practical implementation of the optimization procedure. A comparison of the estimation results for both considered estimation methods qualifies the T 1 -sequential estimation approach as an important simplification and a valid alternative for the computationally extensive full loglikelihood optimization. Given that heavy censoring goes along with numerical challenges in the full optimization approach, the T 1 -sequential approach is the estimation method to apply in practice. Table 9 : Estimated copula parameters, Kendall's τ values and tail-dependence coefficients for the four best models fitted to the mastitis data with underlying D-vine structure (c). Results for both the T 1 -sequential estimation approach and for joint estimation of all six parameters are shown. Standard errors are obtained using the bootstrap algorithm described in Appendix B and are given in parenthesis. 
Discussion
In this paper, we investigate likelihood based inference for clustered right-censored event times using vine copulas. Prior to this work, vine theory has only been developed for complete data. The estimation procedure is conducted in two subsequent steps (two-stage approach). First, the marginal distributions are estimated considering standard parametric and nonparametric estimation techniques for univariate right-censored data. Second, the dependence structure is modeled. Theorem 1 and Corollary 1 (see A) provide the likelihood contributions for rightcensored quadruple data in terms of vine copula components. For right-censored trivariate data a simulation study gives evidence that the presented estimators are on target. Several Rvine models are fitted to the four-dimensional mastitis data using both a full and a sequential estimation approach. The results qualify the latter as the preferable estimation technique in practice. It provides comparable estimation results while significantly simplifying the numerically challenging optimization problem. Our findings for the mastitis data are in line with Geerdens et al. (2016) , where the Joe-Hu family is used for flexible dependence modeling in right-censored event time data. Both methods, the one based on vine copulas as well as the one based on Joe-Hu copulas, stress the need for more flexible copula models as compared to less elaborated ones such as exchangeable (EAC) and nested Archimedean copulas (NAC). For all models, the data complexity due to right-censoring makes the statistical analysis of multivariate event time data highly challenging with regard to numerical demand and computational manageability.
Having the basic methodology at hand provides room for further research on the use of vine copulas in the presence of censoring. Often a data set includes one or more covariates. In the context of copula models a covariate can affect the survival margins and/or the dependence structure. If the covariate is at the level of the cluster and only takes a few values, the data set can be split into several subsets and the proposed copula modeling can be used for each subset separately. If the covariate at the level of the cluster is continuous, then one can model the copula parameters as a function of the covariate (e.g. linear) and further proceed as in this paper. If a covariate is not at the level of the cluster it is not possible to discuss its impact on the association and the covariate can only be included in the margins by using e.g. a Cox model in the first estimation step. Nonparametric marginal estimation is more involved when covariates are present. An option is to apply the Beran estimator or an extended version of it (Beran 1981) . Using ideas from this paper, we currently look at applications for recurrent data. The first results of this ongoing project look promising and will be reported in an upcoming manuscript.
Computational aspects
All computations were conducted on a customary Windows 7 Lenovo laptop with Intel(R) Core(TM) i5-3320M CPU @ 2.60 GHz and 8 GB RAM.
For scenarios in the simulation study with a sample size of 500, the computation time for one loglikelihood optimization, i.e. for one replication, ranges from on average 0.15 seconds for complete data to 3.2 minutes in case of 65% censoring. This observation is due to an increasing amount of integrals which need to be evaluated with an increasing percentage of censored observations. For censored data, the three estimators using known margins, parametrically and nonparametrically estimated margins show comparable performance in terms of computation time.
For the mastitis data, the loglikelihood function for a given vine copula model and therewith its optimization highly depends on the underlying R-vine structure. The latter determines, based on the censoring pattern within the clusters, the number of double integrals that need to be evaluated in each iteration step. The complexity of the double integrals on the other hand depends on the bivariate building blocks of the vine copula model. The com-plete loglikelihood optimization, i.e. finding starting values via the T 1 -sequential estimation approach and subsequent full optimization with respect to all parameters, takes on average 3 hours for (in terms of computational complexity) moderate loglikelihood expressions. Calculations for numerically highly complex loglikelihood functions took up to 2 days.
A Partial derivatives of a four-dimensional D-vine
Theorem 1. For the copula density (6) the following holds:
In terms of h-functions, for the copula density (6) the following holds:
B Vine copula bootstrap algorithm
Under common (univariate) right-censoring, as it is present e.g. in the mastitis data, standard errors for the estimated parameters of a vine copula can be obtained using a parametric bootstrap algorithm (Davison and Hinkley 1997; Massonnet et al. 2009 ). The following steps are based on the procedure in Geerdens et al. (2016) :
Step 1:
Fit the vine copula model of interest to the copula data ( u ij , δ ij ), i = 1, . . . , n and j = 1, . . . , 4, where y ij = min (t ij , c i ), δ ij = I(t ij ≤ c i ) and u ij = S j (y ij ) with S j the Kaplan-Meier estimate based on (y ij , δ ij ). Obtain the vector of copula parameter estimates θ, which maximizes the loglikelihood (8).
Step 2:
Obtain the Kaplan-Meier estimate G of the censoring distribution G based on the observations (max (y i1 , y i2 , y i3 , y i4 ) , 1 − δ i1 δ i2 δ i3 δ i4 ), i = 1, . . . , n.
Step 3: Generate B bootstrap samples in the following way: For b = 1, . . . , B, i = 1, . . . , n and j = 1, . . . , 4,
Step 3.1: sample vine copula data u
from the fitted vine copula model with parameter vector θ.
Step 3.2: generate event times t
Step 3.3: generate c
i from G.
Step 3.4: obtain observed data by setting y
Step 3.5: set u
Step 3.6: given the bootstrap data u for bootstrap sample b.
Step 4:
Obtain the bootstrap standard errors using θ
, . . . , θ
.
C Supplementary material C.1 Exploration of the mastitis data : Pairs plots of all six udder pairs of the mastitis data based on pseudo-observations generated via Kaplan-Meier estimates of the marginals (see Figure 5 ). The effect of right censoring is reflected by the empty lower left corner in the pairs plots. Observations shown as • are event times for both udder quarters; ← is an event time only for the vertical axis; ↓ is an event time only for the horizontal axis; censored in both components is shown as ← ↓. 
C.2 Extended simulation study in three dimensions
To give further insights into the finite sample performance of the proposed estimation approach, additional simulation settings are considered. The simulation settings are chosen as described in Section 5.1 of the main text. See Table 2 in the main text for details on the marginal settings and the censoring mechanisms. Further, recall that the same copula family is assumed in T 1 (either Clayton (C) or Gumbel (G)) and a Frank (F) copula is assumed in T 2 . All results are based on 200 replications for sample sizes 200 and 500. While in the main text strong dependencies of τ 12 = τ 23 = 0.6 and τ 13;2 = 0.3 are investigated, we now investigate τ 12 = τ 23 = τ 13;2 = 0.3 (moderate dependencies) and τ 12 = τ 23 = τ 13;2 = 0.1 (weak dependencies). The results for the extra simulation settings are in line with the analysis given in case of strong dependencies. Note, however, that estimating low dependencies in the presence of heavy censoring is particularly challenging. Table 10 gives an overview of the presented results. Table 12 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of complete and 25% common right-censored event time data with sample size 500. The copula combination Clayton (C), Clayton (C), Frank (F) with true τ 12 = τ 23 = τ 13;2 = 0.3 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (ECDF/KME) are considered.
Copula parameter Kendall's τ θθb θ s 2 θ mse θ ττb (τ ) s 2 (τ ) mse ( Table 14 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of complete and 25% common right-censored event time data with sample size 500. The copula combination Gumbel (G), Gumbel (G), Frank (F) with true τ 12 = τ 23 = τ 13;2 = 0.3 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (ECDF/KME) are considered. Table 15 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of 65% common right-censored event time data with sample sizes 200 and 500. The copula combination Clayton (C), Clayton (C), Frank (F) with true τ 12 = τ 23 = τ 13;2 = 0.1 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (KME) are considered. Table 16 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of complete and 25% common right-censored event time data with sample size 500. The copula combination Clayton (C), Clayton (C), Frank (F) with true τ 12 = τ 23 = τ 13;2 = 0.1 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (ECDF/KME) are considered. Table 17 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of 65% common right-censored event time data with sample sizes 200 and 500. The copula combination Gumbel (G), Gumbel (G), Frank (F) with true τ 12 = τ 23 = τ 13;2 = 0.1 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (KME) are considered.
Copula parameter
Copula parameter Kendall's τ θθb θ s 2 θ mse θ ττb (τ ) s 2 (τ ) mse (τ ) Table 18 : Performance measures for the estimation of the copula parameters and Kendall's τ values in case of complete and 25% common right-censored event time data with sample size 500. The copula combination Gumbel (G), Gumbel (G), Frank (F) with true τ 12 = τ 23 = τ 13;2 = 0.1 is investigated. Known margins, parametrically estimated margins (MLE) and nonparametrically estimated margins (ECDF/KME) are considered.
C.3 Vine copula bootstrapping results for the mastitis data
The following tables show the results of the copula bootstrap, as applied to the four vine copula models that best describe the mastitis data (see Table 9 in the main text). All results are based on 100 replications. Each table contains in lines 1-3 the results for the copula parameters, in lines 4-6 the results for the Kendall's τ values and in lines 7-9 the results for the lower tail-dependence coefficients λ L (LTD). Since Frank (F) copulas do not exhibit any tail-dependence, the latter are only reported for Clayton (C) copulas. First, the underlying model is given. Second, we give estimation results in case of 65% censoring (as in the mastitis data). Third, we provide estimation results in case of no censoring. The latter serves as a benchmark to assess the impact of information loss due to censoring. Each time, we list the mean parameter estimate together with the corresponding standard error (in parenthesis).
1st best model
• global likelihood estimation 
